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We present a detailed analysis on the Bc meson semi-leptonic decays, Bc → ηc(J/ψ)ℓν, up to
next-to-leading order (NLO) QCD correction. We adopt the principle of maximum conformality
(PMC) to set the renormalization scales for those decays. After applying the PMC scale setting, we
determine the optimal renormalization scales for the Bc → ηc(J/ψ) transition form factors (TFFs).
Because of the same β0-terms, the optimal PMC scales at the NLO level are the same for all those
TFFs, i.e. µPMCr ≈ 0.8GeV. We adopt a strong coupling model from the massive perturbation theory
(MPT) to achieve a reliable pQCD estimation in this low energy region. Furthermore, we adopt a
monopole form as an extrapolation for theBc → ηc(J/ψ) TFFs to all their allowable q
2 region. Then,
we predict ΓBc→ηcℓν(ℓ = e, µ) = (71.53
+11.27
−8.90 ) × 10
−15GeV, ΓBc→ηcτν = (27.14
+5.93
−4.33) × 10
−15GeV,
ΓBc→J/ψℓν(ℓ = e, µ) = (106.31
+18.59
−14.01) × 10
−15GeV, ΓBc→J/ψτν = (28.25
+6.02
−4.35) × 10
−15GeV, where
the uncertainties are squared averages of all the mentioned error sources. We show that the present
prediction of the production cross section times branching ratio for B+c → J/ψℓ
+v relative to that
for B+ → J/ψK+, i.e. ℜ(J/ψℓ+ν), is in a better agreement with CDF measurements than the
previous predictions.
PACS numbers: 14.40.Nd, 13.20.He, 12.38.Bx
I. INTRODUCTION
The Bc meson is a doubly heavy quark-antiquark sys-
tem and carries flavors explicitly. It has been pointed
out that sizable Bc meson events can be produced at the
hadronic colliders [1–3]. Thus, it provides a useful labo-
ratory for studying both the Quantum Chromodynamics
(QCD) and the weak interaction theories.
ℜ(J/ψℓ+ν)
pT > 6GeV [4] 0.132
+0.041
−0.037(st)± 0.031(sy)
+0.032
−0.020(lf)
pT > 4GeV [7] 0.249 ± 0.045(st)± 0.069(sy)
+0.082
−0.033(lf)
pT > 6GeV [7] 0.245 ± 0.045(st)± 0.066(sy)
+0.080
−0.032(lf)
pT > 4GeV [8] 0.282 ± 0.038(st)± 0.035(y) ± 0.065(a)
pT > 6GeV [8] 0.242 ± 0.036(st)± 0.031(y) ± 0.051(a)
pT > 4GeV [9] 0.295 ± 0.040(st)
+0.033
−0.026(sy)± 0.036(sp)
pT > 6GeV [9] 0.227 ± 0.033(st)
+0.024
−0.017(sy)± 0.014(sp)
pT > 6GeV [10] 0.211 ± 0.012(st)
+0.021
−0.020(sy)
TABLE I. The ℜ(J/ψℓ+ν) measured by CDF collaboration
under two pT cuts. The symbols “st”, “sy”, “lf”, “y”, “a” and
“sp” stand for the statistical error, the systematic error, the
Bc lifetime error, the systematic error on the yield, the sys-
tematic error on acceptance ratio and the Bc spectrum error,
respectively. The second line is for ℜ(J/ψe+ν)+ℜ(J/ψµ+ν),
the fifth and sixth lines are for ℜ(J/ψe+ν), and the remaining
lines are for ℜ(J/ψµ+ν).
Experimentally, the Collider Detector at Fermilab
(CDF) collaboration discovered the Bc meson in the
year 1998 via the semi-leptonic decay channel B+c →
∗ wuxg@cqu.edu.cn
J/ψℓ+ν [4]. It also predicted the value of the produc-
tion cross section times branching ratio fraction between
the B+c → J/ψℓ+ν and B+ → J/ψK+, i.e.
ℜ(J/ψℓ+ν) = σ(B
+
c )BR(B
+
c → J/ψℓ+ν)
σ(B+)BR(B+ → J/ψK+) . (1)
Later on, more measurements for the Bc meson proper-
ties have been done at both the Tevatron and the LHC
colliders, cf.Refs.[5–19]. For our present purpose, we put
the values of ℜ(J/ψℓ+ν) predicted by the CDF collabo-
ration in Table I, in which two Bc meson pT cuts have
been adopted.
Theoretically, the predicted values for ℜ(J/ψℓ+ν) are
always smaller than the experimental measurements.
Such a comparison has firstly been done by Ref.[4], whose
Fig.(3) shows that the theoretical predictions are well be-
low the CDF prediction. As shown by Table I, the up-
dated Tevatron Run II measurements for ℜ(J/ψℓ+ν) [5–
10] are almost doubled in comparison to the previous
one [4], then the discrepancy becomes even worse. This
discrepancy arouses people’s great interests, many at-
tempts have been tried to solve the puzzle. It has been ar-
gued that, by including the next-to-leading order (NLO)
QCD correction to the Bc → ηc(J/ψ) semi-leptonic de-
cays, the prediction on ℜ(J/ψℓ+ν) can be consistent with
the experimental results [20, 21]. However, in Ref.[20]
the NLO estimation is done for a fixed αs ≃ 0.2 and
in Ref.[21], a quite small ΛQCD ≃ 0.1 GeV has been
adopted. Even worse, a large renormalization scale un-
certainty and a large NLO contributions (or a large K
factor) make the pQCD prediction questionable.
It is noted that the pQCD series in Refs. [20, 21] is
derived under the conventional scale setting, in which the
renormalization scale is set to be the typical momentum
flow (Q ∼ mb) of the process and an arbitrary region as
[Q/2, 2Q] is adopted for estimating the scale error. The
2conventional scale setting assigns an arbitrary range and
an arbitrary systematic error to the fixed-order pQCD
prediction [22], thus, it is natural to assume that the
present puzzling situation may not be the question of the
pQCD theory but the question of the conventional scale
setting. As an attempt to improve the pQCD predictions,
we shall apply the principle of maximum conformality
(PMC) [22–25] to deal with Bc → ηc(J/ψ) semi-leptonic
decays up to NLO level.
The PMC provides a systematic procedure to set the
renormalization scale for any QCD processes. It is well-
known that the running behavior of the coupling con-
stant is governed by the renormalization group equation
(RGE). Following such principal, the PMC is to use the
β-terms in the perturbative series to determine the opti-
mal behavior of coupling constant, or equivalently, to de-
termine the optimal scale for the coupling constant [25].
One can start the pQCD calculation with an arbitrary
but hard enough initial scale. Then, by finding out all
the related β-terms that rightly determine the running
behavior of coupling constant at each perturbative order
and resuming them into the coupling constant, the argu-
ment of the coupling constant at each perturbative order
shall be shifted from its initial value to its optimal one.
The resultant PMC expressions being free of β-terms
are thus independent of the renormalization scheme, as
required by the renormalization group invariance [26].
In the present paper, we shall show that after applying
the PMC scale setting, an improved QCD estimation for
Bc → ηc(J/ψ)ℓν can be achieved, i.e. the scale uncer-
tainty can be greatly suppressed and a more reasonable
central value for the decay width of Bc → ηc(J/ψ)ℓν can
be achieved.
As the key components for the Bc → ηc(J/ψ)ℓν semi-
leptonic decays, the Bc → ηc(J/ψ) transition form fac-
tors (TFFs) have been calculated up to NLO level. It
is noted that those TFFs are pQCD calculable only in
large recoil region with q2 ∼ 0. Thus, one needs to ex-
trapolate them to all their allowable physical region so
as to estimate the total decay widths (or the branch-
ing ratios) of Bc → ηc(J/ψ)ℓν. Several extrapolation
approaches have been suggested in the literature, cf.
Refs.[27–32]. In the present work, we shall adopt the
monopole form to do the extrapolation, which has been
firstly suggested in Ref.[32]. Then, we shall reestimate
the value of ℜ(J/ψℓ+ν) and make a comparison with the
CDF predictions.
The remaining parts of the paper are organized as fol-
lows. In Sec.II, we present the calculation technology
for dealing with the Bc → ηc(J/ψ) TFFs up to NLO
level. The Bc → ηc(J/ψ) TFFs and their relations to
the Bc meson semi-leptonic decay widths are presented.
The PMC treatment and the treatment of the low-energy
running coupling are also presented here. In Sec.III, we
present the numerical results for the TFFs at the large re-
coil region, and the ℜ(J/ψℓ+ν) is recalculated and com-
pared with the experimental predictions. The last section
is reserved for a summary.
II. CALCULATION TECHNOLOGY
After integrating the phase-space, the differential de-
cay width over q2 for the semi-leptonic decay Bc → ηcℓν
or Bc → J/ψℓν can be formulated as
dΓ(Bc → ηcℓν)
dq2
=
(
q2 −m2ℓ
q2
)2√
λ1(q2)G
2
F |Vcb|2
384m3Bcπ
3q2
[
(m2ℓ + 2q
2)λ1(q
2)F 21 (q
2) + 3m2ℓ(m
2
Bc −m2ηc)2F 20 (q2)
]
, (2)
dΓL(Bc → J/ψℓν)
dq2
=
(
q2 −m2ℓ
q2
)2√
λ2(q2)G
2
F |Vcb|2
384m3Bcπ
3
[
3m2ℓ
q2
λ2(q
2)A20(q
2) + (m2ℓ + 2q
2)|h0(q2)|2
]
, (3)
dΓT(Bc → J/ψℓν)
dq2
=
(
q2 −m2ℓ
q2
)2√
λ2(q2)G
2
F |Vcb|2
384m3Bcπ
3
× (m2ℓ + 2q2)
[|h+(q2)|2 + |h−(q2)|2] , (4)
where we have separated the total decay for the J/ψ
case as Γ = ΓL + ΓT, the lepton ℓ = e, µ, τ and the
Fermi constant GF = 1.16638 × 10−5 [33]. q = P − p
is the momentum transfer, P is momentum of Bc me-
son and p is momentum of ηc or J/ψ. The phase-space
factors λ1(q
2) = (m2Bc + m
2
ηc − q2)2 − 4m2Bcm2ηc and
λ2(q
2) = (m2Bc + m
2
J/ψ − q2)2 − 4m2Bcm2J/ψ. The lon-
gitudinal and transverse helicity amplitudes for ΓL and
ΓT are expressed as:
h±(q
2) =
√
λ2(q2)
mBc +mJ/ψ
[
V (q2)∓ (mBc +mJ/ψ)
2√
λ2(q2)
A1(q
2)
]
, (5)
h0(q
2) =
1
2mJ/ψ
√
q2
[
− λ2(q
2)
mBc +mJ/ψ
A2(q
2) + (mBc +mJ/ψ)(m
2
Bc −m2J/ψ − q2)A1(q2)
]
. (6)
3The two Bc → ηc TFFs F0(q2) and F1(q2), and the four
Bc → J/ψ TFFs V (q2), A0(q2), A1(q2) and A2(q2), are
defined as follows [27]:
〈ηc(p)|c¯γµb|Bc(P )〉 = F0(q2)
m2Bc −m2ηc
q2
qµ + F1(q
2)
(
Pµ + pµ − m
2
Bc
−m2ηc
q2
qµ
)
, (7)
〈J/ψ(p, ε∗)|c¯γµb|Bc(P )〉 = 2iV (q
2)
mBc +mJ/ψ
ǫµνρσε∗νpρPσ, (8)
〈J/ψ(p, ε∗)|c¯γµγ5b|Bc(P )〉 = 2mJ/ψ
ε∗ · q
q2
qµA0(q
2) + (mBc +mJ/ψ)
(
ε∗µ − ε
∗ · q
q2
qµ
)
A1(q
2)
−
(
Pµ + pµ −
m2Bc −m2J/ψ
q2
qµ
)
ε∗ · q
mBc +mJ/ψ
A2(q
2). (9)
For the case of ℓ = e or µ, the lepton mass mℓ tends to
zero, the contributions from F0 and A0 can be safely ne-
glected due to the chiral suppression. All those TFFs are
key components for the Bc meson decays to charmonia.
In the large recoil region, they are pQCD calculable and
have been calculated up to NLO level [20, 21, 34, 35].
Up to NLO level, we can schematically write the TFFs
in the following form:
fi(q
2) = Cfi(q2)αs(µ
init
r )
[
1 +Bfi(q2, µinitr )
αs(µ
init
r )
π
]
, (10)
where µinitr stands for some arbitrary initial renormaliza-
tion scale, which should be large enough to ensure the
pQCD calculation. For example, it can be chosen as the
typical momentum flow of the process, i.e. µinitr = mb.
Under the conventional scale setting, the renormalization
scale is fixed to be µinitr . On the other hand, for a cer-
tain scale setting, its resultant optimal scale depends on
how we deal with the perturbative series and is usually
different from µinitr . As for the PMC scale setting, its op-
timal scale is determined by the {βi}-terms that rightly
governs the running of the coupling constant via RGE.
The function fi represents any one of the TFFs, F1(q
2),
F0(q
2), V (q2), A0(q
2), A1(q
2) and A2(q
2), respectively.
The tree-level coefficients Cfi(q2) are put in the appendix
and the NLO coefficients Bfi(q2, µinitr ) can be read from
Refs.[20, 21, 34, 35]. In those references, only the asymp-
totic expressions under the limit mb → ∞ have been
given. Fortunately, however, as pointed out by Ref.[21],
those approximate expressions are of high precision in
comparison to the full expressions 1.
1 We thank the authors of Ref.[21] for helpful discussions on this
point and for kindly supplying us their Mathematical program
for calculating the TFFs up to NLO level.
Bc Bcηc(J/ψ) ηc(J/ψ)
FIG. 1. Two NLO diagrams (together with their counter-
terms) that contribute to the β0-terms for the Bc → ηc(J/ψ)
TFFs. The ‘cross’ symbol means the weak interaction vertex
and the circle stands for the light-quark loop.
A. The PMC scale setting for the TFFs
To set the PMC scales for the TFFs, F1(q
2), F0(q
2),
V (q2), A0(q
2), A1(q
2) and A2(q
2), we first decompose
the NLO coefficients Bfi(q2, µinitr ) into the non-conformal
{βi}-dependent part and the conformal {βi}-independent
part, i.e.
Bfi(q2, µinitr ) = B
fi
(β)(q
2, µinitr )β0 +B
fi
conf(q
2, µinitr ), (11)
where β0 = 11− 23nf . The conformal part Bficonf(q2, µinitr )
are in general complex and their analytic expressions at
q2 = 0 are put in the Appendix. The coefficients of non-
conformal part are the same for all TFFs, i.e.
Bfi(β)(q
2, µinitr ) =
5
12
+
1
4
ln
(
(µinitr )
2
2γm2c
)
, (12)
4where γ =
m2b−q
2
4mbmc
is the relativistic boost. One may
observe that at the NLO level, all the TFFs have the
same nf -terms and hence the same β0-terms. As shown
by Fig.(1), this is due to the same one-loop gluon self-
energy diagrams (together with their counter-term ones)
for all the TFFs. Such β0-terms rightly determine the
running behavior of the LO coupling constant, thus, they
should be absorbed into the coupling constant following
the RGE [22–25].
More specifically, after applying the PMC scale setting,
the TFFs (10) shall be transformed as
fPMCi (q
2) = Cfi(q2)αs(µ
PMC
r )
[
1 +
αs(µ
PMC
r )
π
Bficonf(q
2, µinitr )
]
, (13)
where to eliminate the non-conformal β0-terms, the
renormalization scale has been transformed from its ini-
tial value µinitr to the LO PMC scale µ
PMC
r , i.e.
µPMCr = µ
init
r exp
(
−2Bfi(β)(q2, µinitr )
)
. (14)
It is noted that the scale displacement contains a similar
function as the simplest scale displacement e−5/6 that en-
sures the scheme invariance between the MS scheme and
the Gell-Mann-Low scheme [36]. More explicitly, with
the help of Eq.(12), the LO PMC scale can be simplified
as
µPMCr = e
−
5
6
√
mc
2mb
(m2b − q2), (15)
The interesting point is that the LO PMC scale is inde-
pendent of µinitr . As discussed above, since all the TFFs
has the same β0-term
[
Bfi(β)(q
2, µinitr )β0
]
, all of them shall
have the same PMC scale. We have no NNLO {βi}-
terms to set the NLO PMC scale for α2s-terms, and we
have implicitly set µPMC;NLOr = µ
PMC;LO
r = µ
PMC
r , since
µPMC;LOr is last known PMC scale. This treatment will
lead to some residual scale dependence, which, however,
shall be highly exponentially suppressed.
B. The running coupling in the low-energy region
Eq.(15) indicates that, at the maximum recoil region
q2 = 0, the optimal PMC scale for the Bc → ηc(J/ψ)
TFFs is µPMCr = e
−
5
6
√
mbmc/2. If setting mb = 4.9GeV
and mc = 1.4GeV, we obtain µ
PMC
r ≈ 0.8GeV, which is
close to the low energy (LE) region. In the LE region, the
conventional running behavior of the coupling constant
may overestimate the pQCD predictions. Several LE ef-
fective models have been suggested in the literature [37–
44]. A comparison of six typical LE coupling constant
models can be found in Ref.[45]. The MPT model is phe-
nomenologically successful, i.e. the moment of the spin-
dependent structure function calculated within the MPT
model is consistent with the experimental data down to
a few hundreds of MeV [38]. For clarity, we shall adopt
the MPT model to do our discussion.
The MPT model [37–39], based on the massive ana-
lytic pQCD theory, provides a convenient way for ana-
lyzing the data below 1GeV. It is designed to ensure the
nonsingular behavior in the infra-red (IR) region and to
eliminate the Landau pole. On the basis of the mass-
dependent (massive) Bogoliubov RGE [46], by introduc-
ing the effective gluonic mass mgl =
√
ξΛQCD as the IR
regulator, ln
µ2r
Λ2
QCD
→ ln µ
2
r+m
2
gl
Λ2
QCD
= ln
(
ξ +
µ2r
Λ2
QCD
)
, one
can disentangle the unwanted singularity in the IR limit
from the usual ultra-violet logs. More explicitly, up to
two-loop level, the MPT model suggests
αs;MPT(µr) = αcrit
{
1 + αcrit
β0
4π
ln
(
1 +
µ2r
ξΛ2QCD
)
+ αcrit
β1
4πβ0
ln
[
1 + αcrit
β0
4π
ln
(
1 +
µ2r
ξΛ2QCD
)]}−1
, (16)
where β0 = 11− 23nf and β1 = 102− 383 nf . The critical
running coupling, αcrit = αs;MPT(0), is determined via
the relation, αcrit = 4π/(β0 ln ξ). If setting ξ = 10 ±
2 [38], we obtain αcrit = 0.606
+0.065
−0.044.
Using the two-loop αs-running together with the mea-
surements αs(MZ) = 0.1185 ± 0.0006 and αs(mτ ) =
0.330 ± 0.014 [33], the resultant weighted averages for
the ΛQCD under the conventional and the MPT two-loop
αs-running are shown in Table II.
A comparison of the strong running coupling for the
5nf = 3 nf = 4 nf = 5
Conv. 0.388 ± 0.007 0.338 ± 0.007 0.233 ± 0.005
MPT 0.260 ± 0.005 0.235 ± 0.005 0.186 ± 0.004
TABLE II. The weighted averages of ΛQCD (in unit: GeV)
based on the conventional and the MPT αs-running to-
gether with the measurements αs(MZ) = 0.1185±0.0006 and
αs(mτ ) = 0.330 ± 0.014 [33]. ‘Conv.’ stands for the conven-
tional two-loop αs running.
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FIG. 2. A comparison of the strong running coupling αs(µr)
up to two-loop level, where αs;QCD stands for the conventional
αs running and αs;MPT the MPT-model (16) with ξ = 10.
conventional behavior and the MPT-model with ξ = 10
is put in Fig.(2). In drawing the curves, the values of
ΛQCD are taken as their central values shown in Table
II. It is noted that in the large scale region, both are
consistent with each other.
C. Extrapolation of the Bc → ηc(J/ψ) TFFs
The pQCD predictions for the Bc → ηc(J/ψ) TFFs are
reliable in the large recoil region with small q2. In order
to explain the semi-leptonic decay, we need the TFFs in
all their allowable q2 region. For the purpose, several
extrapolations have been suggested, cf.Refs.[27–32]. In
the present paper, we adopt the monopole form, which
has been suggested in Ref.[32], to do the extrapolation,
i.e.
fi(q
2) = fi(0)
(
1− q
2
m2pole
)−1
, (17)
where mpole stands for the mass of the lowest-lying res-
onance. The first derivative of the TFFs over q2 at
q2 = 0, f ′i(0) = fi(0)/m
2
pole, can be calculated within the
framework of the QCD sum rules, which inversely can be
adopted for determining mpole. We take mpole = 4.50
GeV [21, 28, 29] to do our analysis.
III. NUMERICAL RESULTS AND
DISCUSSIONS
We set the c- and b-quark pole masses as: mc =
1.4± 0.1 GeV and mb = 4.9± 0.1 GeV. And the follow-
ing PDG values are adopted [33]: |Vcb| = 0.0409±0.0011,
mτ = 1.777 GeV,mBc = 6.2745 GeV,mηc = 2.9837 GeV
and mJ/ψ = 3.0969 GeV. We ignore the spin effect for
determining the wavefunction at the origin for ηc and
J/ψ, i.e. we adopt |ψηc(0)| = |ψJ/ψ(0)|. The value of
|ψJ/ψ(0)| can be determined from the J/ψ leptonic de-
cay width with a relatively high precision. By taking
ΓJ/ψ→e+e− = 5.55± 0.16 keV [33] and following the idea
of Ref.[47], we obtain |ψJ/ψ(0)| = (0.257+0.010−0.006)GeV3/2.
As for the wavefunction at the origin for the Bc meson,
it can be related with the decay constant via the rela-
tion [48], f2Bc = 12|ψBc(0)|2/mBc . Using the lattice QCD
estimation, fBc = (0.489 ± 0.005) GeV [49], we obtain
|ψBc(0)| = (0.354 ± 0.004) GeV3/2. As a cross check of
our present calculation, when taking the same input pa-
rameters as those of Refs.[20, 21] , we recover the same
numerical results for the B → ηc(J/ψ) TFFs.
A. The TFFs at the maximum recoil region q2 = 0
Conventional PMC
µinitr mb/2 mb 2mb mb/2;mb; 2mb
FBc→ηc1 1.50 1.28 1.13 1.65
FBc→ηc0 1.50 1.28 1.13 1.65
A
Bc→J/ψ
0 1.08 0.97 0.89 0.87
A
Bc→J/ψ
1 1.20 1.06 0.96 1.07
A
Bc→J/ψ
2 1.28 1.14 1.03 1.15
V Bc→J/ψ 1.65 1.46 1.32 1.47
TABLE III. The Bc → ηc(J/ψ) TFFs at q
2 = 0 under the
conventional scale setting and the PMC scale setting, in which
three typical initial scales are adopted. The PMC scale (15)
and hence the PMC predictions are independent of µinitr .
We put the numerical results for the Bc → ηc(J/ψ)
TFFs at the maximum recoil region q2 = 0 in Table III,
where three typical initial scales, µinitr = mb/2, mb and
2mb, are adopted. The TFFs decrease with a larger value
for µinitr . Under the conventional scale setting, µr ≡ µinitr ,
all the TFFs show a strong scale dependence, i.e. they
change by about [−10%,+17%] for µinitr ∈ [mb/2, 2mb].
After applying the PMC scale setting, the PMC scale is
fixed via Eq.(15), thus, the PMC predictions are inde-
pendent of the choice of µinitr .
The usual assumption that the renormalization scale
depends on mb does not have a clear justification. As
a byproduct, it is noted that our present scale invariant
PMC prediction inversely provides us a chance to set the
typical scale for the TFFs. That is, the typical renormal-
ization scale µr = µ
ty
r for the conventional scale setting
6can be predicted such that it leads to the same TFFs
as that of the PMC predictions. Following such argu-
ment, we obtain µtyr ≃ 0.3mb for FBc→ηc1,0 , µtyr ≃ mb for
A
Bc→J/ψ
1,2 and V
BcJ/ψ, and µtyr ≃ 2.3mb for ABc→J/ψ0 .
This shows that not all of the TFFs have the usual typi-
cal scale mb.
Conventional PMC
LO NLO sum LO NLO sum
FBc→ηc1 0.86 0.42 1.28 1.75 -0.10 1.65
FBc→ηc0 0.86 0.42 1.28 1.75 -0.10 1.65
A
Bc→J/ψ
0 0.75 0.23 0.98 1.51 -0.64 0.87
A
Bc→J/ψ
1 0.78 0.28 1.06 1.59 -0.52 1.07
A
Bc→J/ψ
2 0.84 0.30 1.14 1.70 -0.55 1.15
V Bc→J/ψ 1.08 0.38 1.46 2.19 -0.72 1.47
TABLE IV. The LO and NLO terms for the Bc → ηc(J/ψ)
TFFs at q2 = 0 under the conventional scale setting and the
PMC scale setting. µinitr = mb.
After applying the PMC scale setting, due to the elimi-
nation of the divergent renormalon terms as n!βnαns with
n being the n-loop correction, the pQCD convergence can
be greatly improved in principle. To show how the pQCD
convergence behaves for the Bc → ηc(J/ψ) TFFs, we
present the LO and NLO terms for those TFFs at q2 = 0
before and after the PMC scale setting in Table IV. For
clarity, we define a K factor that equals to the magni-
tude of the ratio between NLO-term and the LO-term,
i.e. Ki = |fNLOi |/|fLOi |. Under the conventional scale
setting, for the case of µinitr = mb, we obtain
KFBc→ηc0
= 49% , KFBc→ηc1
= 49% ,
K
A
Bc→J/ψ
0
= 31% , K
A
Bc→J/ψ
1
= 36% ,
K
A
Bc→J/ψ
2
= 36% , KV Bc→J/ψ = 35% , (18)
and after the PMC scale setting, we have
KFBc→ηc0
= 6% , KFBc→ηc1
= 6% ,
K
A
Bc→J/ψ
0
= 42% , K
A
Bc→J/ψ
1
= 33% ,
K
A
Bc→J/ψ
2
= 32% , KV Bc→J/ψ = 33% . (19)
After the PMC scale setting, the pQCD convergence for
the Bc → ηc TFFs FBc→ηc0,1 can be greatly improved,
while the K factors for the Bc → J/ψ TFFs ABc→J/ψ0,1,2
and V Bc→J/ψ are still large. The large K factors for the
Bc → J/ψ TFFs indicate that the unknown even higher-
order pQCD corrections shall give sizable contributions
to the TFFs, which are important either for fixing more
precise lower-order PMC scales or for estimating the siz-
able higher-order conformal contributions. As a minor
point, from Table. IV, one may observe that all the NLO
corrections to TFFs change from positive values to neg-
ative ones after the PMC scale setting.
Conventional PMC
∆(FBc→ηc1 ) ±0.42 ±0.10
∆(FBc→ηc0 ) ±0.42 ±0.10
∆(A
Bc→J/ψ
0 ) ±0.26 ±0.64
∆(A
Bc→J/ψ
1 ) ±0.30 ±0.52
∆(A
Bc→J/ψ
2 ) ±0.33 ±0.55
∆(V Bc→J/ψ) ±0.42 ±0.72
TABLE V. An estimation of the unknown even higher-order
pQCD corrections, ∆ = ±|C˜α2s|MAX, for Bc → ηc(J/ψ) TFFs
at q2 = 0 under the conventional and PMC scale settings.
For a pQCD estimation, it is helpful to predict what’s
the “unknown” QCD corrections could be. The conven-
tional estimation done by varying the scale over a certain
range is not proper, since it can only estimate the non-
conformal contribution but not the conformal one. To
achieve an estimation of how the “unknown” QCD cor-
rections could be from the “known” QCD corrections,
a more conservative method for the scale error analy-
sis has been suggested in Ref.[25]; i.e. to take the scale
uncertainty as the last known perturbative order. More
explicitly, for the present NLO estimation, the pQCD
scale uncertainty ∆ = ±|C˜α2s|MAX, where both C˜ and
αs are calculated by varying µ
init
r ∈ [mb/2, 2mb] and the
symbol “MAX” stands for the maximum value of |C˜α2s|
within this region. The expression of C˜ can be read from
Eqs.(10,13). We put the ∆ uncertainty for various TFFs
in TABLE V. The large ∆ values also confirm the im-
portance of a next-to-next-to-leading order correction for
the J/ψ case. As examples, some PMC analysis up to
two-loop, three-loop and four-loop QCD corrections have
been done in Refs.[23–25, 50–53], which show exactly
that the pQCD convergence and the pQCD prediction
can be greatly improved after the PMC scale setting.
B. The Bc → ηc(J/ψ) semi-leptonic decays
By using the monopole extrapolation (17) for the Bc →
ηc(J/ψ) TFFs, we are ready to predict the Bc → ηc(J/ψ)
semi-leptonic decay widths. The results are presented in
Table VI, where the errors are the squared average of the
mentioned error sources. As a comparison, we present
the results before and after the PMC scale setting simul-
taneously, and we also present the results derived from
the NLO pQCD factorization [21], the constituent quark
model [54, 55], the Bethe-Salpeter equation [56, 57], the
QCD sum rules [28, 30, 58], the QCD relativistic po-
tential model [59], and the LO pQCD [60]. The renor-
malization scale dependence of Bc → ηc(J/ψ)ℓν decay
widths are shown in Fig.(3). After the PMC scale set-
ting, the decay widths are also independent to the choice
of µinitr , which are consistent with the above discussions
on the TFFs. Due to the τ mass suppression, the de-
cay widths for the τ -lepton pair production are smaller
7PMC Conventional [21] [55] [54] [30, 58] [56, 57] [59] [28] [60]
Bc → ηcℓν 71.53
+11.27
−8.90 43.36
+7.17
−5.75 30.50
+9.74
−4,82 6.95
+0.29 10.7 23.98 14.2 11.1 11± 1 6.45+1.78
−1.59
Bc → ηcτν 27.14
+5.93
−4.33 16.46
+3.69
−2.73 9.29
+2.70
−1.62 2.46
+0.07 3.52 7.16 ∼ ∼ 3.3± 0.9 2.00−0.50+0.54
Bc → J/ψℓν 106.31
+18.59
−14.01 104.74
+20.08
−15.49 97.30
+36.22
−20.33 21.9
+1.2 28.2 34.69 34.4 30.2 28± 5 14.7+1.94
−1.73
Bc → J/ψτν 28.25
+6.02
−4.35 28.12
+6.38
−4.72 7.55
+2.85
−1.56 5.86
+0.23
−0.03 7.82 9.50 ∼ ∼ 7± 2 4.27
+0.58
−0.50
TABLE VI. The decay widths (in unit: 10−15GeV) for the Bc → ηc(J/ψ)ℓν(ℓ = e, µ) and Bc → ηc(J/ψ)τν under the conven-
tional and the PMC scale settings. As a comparison, we also present the results derived from the NLO pQCD factorization [21],
the constituent quark model [54, 55], the Bethe-Salpeter equation [56, 57], the QCD sum rules [28, 30, 58], the QCD relativistic
potential model [59], and the LO pQCD [60].
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FIG. 3. The decay widths for Bc → ηc(J/ψ)ℓν up to NLO
level versus the initial scale µinitr under the conventional and
the PMC scale settings, respectively.
than the those of e-lepton pair or µ-lepton pair. More
specifically, after the PMC scale setting, we have
R(ηc) =
Br(Bc → ηcℓν)
Br(Bc → ηcτν) ≃ 2.6, for ℓ = e, µ, (20)
R(J/ψ) =
Br(Bc → J/ψℓν)
Br(Bc → J/ψτν) ≃ 3.8, for ℓ = e, µ.(21)
By taking the hadronization fractions fb¯→B+c = (1.3±
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
10−2
10−1
100
τBc(ps)
ℜ
(J
/
ψ
ℓ+
ν
)(
ℓ
=
e,
µ
)
 
 
This work
QCD sum rule result
LO pQCD prediction
CDF (pt(B) > 4GeV/c)
CDF (pt(B) > 6GeV/c)
FIG. 4. The value of ℜ(J/ψℓ+ν) after the PMC scale setting,
which is shown by the upper shaded band. The CDF predic-
tions [7–10], the QCD sum rule (SR) prediction [28] and the
LO pQCD prediction [60] are presented as a comparison. The
middle shaded band represents the QCD sum rule prediction
and the lower shaded band is the LO pQCD prediction under
the conventional scale setting.
0.2)× 10−3 [61], fb¯→B+ = 0.401± 0.008 and BR(B+ →
J/ψK+) = (1.028±0.031)×10−3 [33], we can predict the
σ · BR ratio ℜ(J/ψℓ+ν). Our results for ℜ(J/ψℓ+ν) as
a function of the Bc meson lifetime τBc are presented in
Fig.(4). As a comparison, the CDF measurements [4, 7–
10] as shown in Table I, where all the errors are added
in quadrature. As a comparison, the estimations based
on QCD sum rule [28] and LO pQCD prediction [60] are
also presented. All those predictions on ℜ(J/ψℓ+ν) are
close in shape, all of which increase with the increment
of τBc . However our estimation of ℜ(J/ψℓ+ν) shows a
better agreement with the CDF measurements, which in-
dicates the importance of the NLO calculations and also
the importance of a correct scale setting.
C. A detailed discussion on the uncertainties of the
decay widths
Table VI shows the squared average of all errors. In
the present subsection, we present a detailed discussion
on the dominant error sources. There are many error
8sources for determining the decay widths, such as the
|Vcb|, mpole, ξ, ΛQCD, the bound-state parameters mc,
mb, |ψBc(0)|, |ψηc(0)| and |ψJ/ψ(0)|. Taking the domi-
nant error sources into consideration, we obtain
ΓBc→ηcℓν = (71.53
+8.19+4.87+3.90+4.55+0.62
−6.16−3.55−3.80−3.72−0.62)10
−15GeV
= (71.53+11.27
−8.90 )10
−15GeV, (22)
ΓBc→ηcτν = (27.14
+3.11+4.50+1.48+1.73+0.23
−2.34−3.02−1.44−1.41−0.24)10
−15GeV
= (27.14+5.93
−4.33)10
−15GeV, (23)
ΓBc→J/ψℓν = (106.31
+11.74+12.66+5.80+3.68+0.50
−8.76−8.78−5.64−3.21−0.51 )10
−15GeV
= (106.31+18.59
−14.01)10
−15GeV, (24)
ΓBc→J/ψτν = (28.25
+3.12+4.81+1.54+0.96+0.13
−2.33−3.24−1.50−0.84−0.13)10
−15GeV
= (28.25+6.02
−4.35)10
−15GeV, (25)
where ℓ stands for the light leptons e and µ, the uncer-
tainties from the left to right are for a combined effect
of the bound state parameters, mpole, |Vcb|, ξ, ΛQCD,
respectively. More specifically,
• The squared average of the uncertainties from the
bound state parameters mc, mb, |ψBc(0)|, |ψηc(0)|
and |ψJ/ψ(0)| are [−9%,+11%] for both Bc → ηcℓν
and Bc → ηcτν; and [−8%,+11%] for both Bc →
J/ψℓν and Bc → J/ψτν.
• The value of mpole determines the extrapolated
shape of the Bc → ηc(J/ψ) TFFs, and we adopt
mpole = (4.50 ± 0.25)GeV to do the estima-
tion. The error is [−5%,+7%] for ΓBc→ηcℓν and
[−11%,+17%] for ΓBc→ηcτν; and [−8%,+12%] for
ΓBc→J/ψℓν and [−11%,+17%] for ΓBc→J/ψτν .
• The |Vcb| being the overall factor for all the
Bc → ηc(J/ψ) TFFs, then its error to the decay
widths are the same for the channels, which reads
[−5%,+5%] for |Vcb| = 0.0409± 0.0011.
• The errors caused by the MPT parameter ξ = 10±2
are within the region of [−5%,+6%] for ΓBc→ηcℓν
and ΓBc→ηcτν , and [−3%,+3%] for ΓBc→J/ψℓν and
ΓBc→J/ψτν, respectively.
• By using the values listed in Table II, we show that
the ΛQCD shall cause small errors, i.e. less than
±1%, for all the decay channels.
It is also helpful to show how those error sources affect
the differential decay widths. Also by taking the squared
average of those errors, we draw the differential decay
widths of Bc → ηc(J/ψ)ℓν(ℓ = e, µ, τ) for m2ℓ ≤ q2 ≤
(mBc −mηc(J/ψ))2 in Fig.(5).
IV. SUMMARY
The PMC provides a systematic and unambiguous way
to set the renormalization scale for any high-energy QCD
processes. In the present paper, we have studied the
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FIG. 5. Differential decay widths for Bc → ηc(J/ψ)ℓν (ℓ =
e, µ, τ ) versus q2 under the PMC scale setting.
NLO QCD corrections for the Bc → ηc(J/ψ) TFFs by
adopting the PMC scale setting. As a further step,
we have calculated the Bc → ηc(J/ψ)ℓν semi-leptonic
decay widths and estimated the measurable parameter
ℜ(J/ψℓ+ν). We have found that
• After applying the PMC scale setting, all the same
type higher-order β0-terms have been resummed
into the running coupling, which rightly deter-
mines the optimal renormalization scale for the
Bc → ηc(J/ψ) TFFs. All the Bc → ηc(J/ψ) TFFs
have the same PMC scale due to the same β0-terms
at the NLO level. Thus, the large renormalization
scale uncertainty for all the TFFs under the conven-
tional scale setting, which is about [−10%,+17%]
for µr ∈ [mb/2, 2mb], are strongly suppressed.
After applying the PMC scale setting, the pQCD
convergence can be improved in principle due to the
elimination of the renormalon terms. We have seen
an obvious improvement on the pQCD convergence
for the Bc → ηc TFFs. However for Bc → J/ψ
TFFs, the K factor is still large, which indicates
a NNLO calculation is necessary before an obvious
pQCD convergence can be achieved.
9• After applying the PMC scale setting, we obtain
larger decay widths for the decays Bc → ηc(J/ψ)ℓν
in comparison to values under the conventional
scale setting, i.e.
ΓBc→ηcℓν = (71.53
+11.27
−8.90 )× 10−15GeV, (26)
ΓBc→ηcτν = (27.14
+5.93
−4.33)× 10−15GeV, (27)
ΓBc→J/ψℓν = (106.31
+18.59
−14.01)× 10−15GeV, (28)
ΓBc→J/ψτν = (28.25
+6.02
−4.35)× 10−15GeV, (29)
where ℓ = e, µ, and the errors are squared aver-
ages of those from the dominant sources as mc, mb,
|ψBc(0)|, |ψJ/ψ(0)|, |ψηc(0)|,mpole, ξ, |Vcb| and etc..
• The PMC scale for the decays Bc → ηc(J/ψ)ℓν
is µPMCr ≈ 0.8GeV, which is in the low-energy re-
gion. To provide a reliable pQCD estimation, we
have adopted the MPT running coupling model to
do the calculation. By taking its input parameter
ξ = 10 ± 2, we obtain [−5%,+6%] uncertainty for
ΓBc→ηcℓν and ΓBc→ηcτν , and [−3%,+3%] uncer-
tainty for ΓBc→J/ψℓν and ΓBc→J/ψτν , respectively.
• We have estimated the value of ℜ(J/ψℓ+ν), the
production cross section times branching ratio frac-
tion between B+c → J/ψℓ+ν and B+ → J/ψK+.
Our present estimation, as shown in Fig.(4), shows
a good agreement with CDF measurements.
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Appendix A: The LO coefficients and the NLO
conformal terms for the Bc to S-wave charmonia
TFFs at q2 = 0
The LO coefficients for the Bc to S-wave charmonia
TFFs are
CF1(q2) =
8
√
2CACFπ
√
z + 1
(
− q2
m2b
+ 3z2 + 2z + 3
)
|ψBc(0)||ψηc(0)|(
(1− z)2 − q2
m2b
)2
z3/2m3bNc
, (A1)
CF0(q2) =
8
√
2CACFπ
√
z + 1
(
9z3 + 9z2 + 11z − q2
m2b
(5z + 3) + 3
)
|ψBc(0)||ψηc(0)|(
(1− z)2 − q2
m2b
)2
z3/2(3z + 1)m3bNc
, (A2)
CV (q2) =
16
√
2CACFπ(3z + 1)|ψBc(0)||ψηc(0)|(
(1− z)2 − q2
m2b
)2 (
z
z+1
)3/2
m3bNc
, (A3)
CA0(q2) =
16
√
2CACFπ(z + 1)
5/2|ψBc(0)||ψηc(0)|(
(1− z)2 − q2
m2b
)2
z3/2m3bNc
, (A4)
CA1(q2) =
16
√
2CACFπ
√
z + 1
(
4z3 + 5z2 + 6z − q2
m2b
(2z + 1) + 1
)
|ψBc(0)||ψηc(0)|(
(1− z)2 − q2
m2b
)2
z3/2(3z + 1)m3bNc
, (A5)
CA2(q2) =
16
√
2CACFπ
√
z + 1(3z + 1)|ψBc(0)||ψηc(0)|(
(1− z)2 − q2
m2b
)2
z3/2m3bNc
, (A6)
where CA = Nc and CF = (N
2
c − 1)/(2Nc) with Nc = 3.
The NLO corrections for all the TFFs have been done
in the literature, and the analytic expressions for the
TFFs at the q2 = 0 can be found in Refs.[20, 21, 35].
For self-consistence and for easy using of the PMC scale
setting, we present the NLO conformal terms of the Bc
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to-Charmonia TFFs in power of mc/mb at the maximum recoil region q
2 = 0 in the following:
BF1conf(0) = −
55
12
+
1
4
{
− 1
3
ln z − 2 ln 2
3
+ CF
(
1
2
ln2 z +
10
3
ln 2 ln z − 35
6
ln z +
2 ln2 2
3
+ 3 ln 2 +
7π2
9
− 103
6
)
+CA
(
− 1
6
ln2 z − 1
3
ln 2 ln z − 1
3
ln z +
ln2 2
3
− 4 ln 2
3
− 5π
2
36
+
73
9
)}
, (A7)
BVconf(0) = −
55
12
+
1
4
{
CF
(
ln2 z + 10 ln 2 ln z − 5 ln z + 9 ln2 2 + 7 ln 2 + π
2
3
− 15
)
+CA
(
− 1
2
ln2 z − 2 ln 2 ln z − 3
2
ln z − 3 ln2 2− 3 ln 2
2
− π
2
3
+
67
9
)}
, (A8)
BA0conf(0) = −
55
12
+
1
4
{
CF
(
1
2
ln2 z − 119
8
+ 7 ln 2 ln z − 21
4
ln z + 7 ln2 2 +
15 ln 2
4
)
+CA
(
− 3
8
ln2 z − ln 2 ln z − 9
8
ln z − 7π
2
24
+
67
9
− 9 ln
2 2
4
+
3 ln 2
8
)}
, (A9)
where z = mc/mb. We also have the following relations
among the TFFs:
BF0conf(0) = B
F1
conf(0), B
A1
conf(0) = B
A2
conf(0) = B
V
conf(0).
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